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Abstract. In 1988, Brown and Ellis published a generalised Hopf formula for 
the higher homology of a group. Although substantially correct, their result lacks 
one necessary condition. We give here a counterexample to the result without that 
condition. The main aim of this paper is, however, to generalise this corrected 
result to derive formulae of Hopf type for the n-fold Cech derived functors of the 
lower central series functors Z^. The paper ends with an application to algebraic 
K-theory. 



Introduction and Summary 

The well known Hopf formula for the second integral homology of a group says 
that for a given group G there is an isomorphism 

H2{G) = [F,R] ' 

where R >— > F -» G is a free presentation of the group G. 

Several alternative generalisations of this classical Hopf formula to higher dimen- 
sions were made in various papers, 0121111110], but perhaps the most successful one, 
giving formulas in all dimensions, was by Brown and Ellis, f3J. They used topo- 
logical methods, and in particular the Hurewicz theorem for n-cubes of spaces, jS], 
which itself is an application of the generalised van Kampen theorem for diagrams 
of spaces [4J. The end result was: 



1991 Mathematics Subject Classification. 18G50, 18G10. 

Key words and phrases. Cech derived functors, Hopf type formulas, it-functors. 

1 



2 



GURAM DONADZE, NICK INASSARIDZE AND TIMOTHY PORTER 



Theorem BE ( 3 ). Let Ri, . . . , R n be normal subgroups of a group F such that 
H 2 (F)=0, H r {F/Y[Ri) = 0, for r= \A\ + 1, r= \A\ + 2, 

with A a non-empty proper subset of (n) = {1, . . . ,n} (for example, if the groups 
F / Y\Ri are free for A ^ (n) ) and F / Yl R% — G. Then there is an isomorphism 

i£A l<i<n 

n Ri n [F, F] 



H n +i(G) 



i=i 



AC{n) ieA l t A 



Later, Ellis using mainly algebraic means, and, in particular, his hyper-relative 
derived functors, proved the same result, [TU] . 

The similarity between this formula and the formulae given by Mutlu and the 
third author for the various homotopy invariants of a simplicial group (see 20J) 
suggested that there should be a purely algebraic proof of this, which hopefully would 
generalise further. Examining the classical case (n = 1), and the proof of the usual 
Hopf formula, showed a link with the Cech derived functors of the abelianisation 
functor, (cf. 

Trying to derive this result purely algebraically and to obtain Hopf type formulas 
for some more general situations, we suspected that the conditions given above 
for Theorem BE were not sufficient for getting the generalised Hopf formula for 
H n+ i(G), n > 3. In fact, we give the following counter-example to Theorem BE: 

Let F be a free group with base {xi,x 2 }, R\, R 2 and R 3 normal subgroups of 
the group F generated by the one point sets {xi}, {£2} an d {X1X2 } respectively 
and G = 1. Then we have F/R l = Z, i = 1, 2, 3, F/RiRj = 1, % ^ j and [F, F] = 
[Ri, R2] = Ri H Rj, i 7^ j, therefore 



n Ri n [F, f] 
n [ n Ri, n Ri 

AC(3) teA ^ A 



z 



whilst H 3 (G) = I. 

We thus set out to prove a corrected version of this Brown-Ellis generalised Hopf 
formulae, but also to generalise it further in the following direction. Homology 
groups are the derived functors of the abelianization functor. Our generalisation 
handles the derived functors of the functors that kill higher commutators. More 
precisely, let the endofunctors Z k (G) be given by Z k {G) = G/T k (G), k > 2, where 
{r^(G), k > 1} is the lower central series of a given group G. These Z k are 
endofunctors on the category of groups and generalise the abelianization functor, so 
their non-abelian left derived functors, L n Z k , n > 0, generalise the group homology 
functors H n , n > 1, cf., for instance, pQ. 

In j!3j . a Hopf-like formula is proved for the second Conduche-Ellis homology of 
precrossed modules using Cech derived functors. The main goal of this paper is to 
develop this method further, and by applying it, to express L n Z k , n > 1, k > 2, by 
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generalised Hopf type formulas. In particular, we will give the stronger conditions 
needed for Theorem BE. Finally we apply these results to algebraic F-theory. 

In the first section, we introduce the Cech derived functors illustrating their use 
by proving the classical Hopf formula in a new way. This is not just an illustration 
as it does indicate some of the ways the argument will go later on. 

In Section 2 we introduce the notion of simple normal (n + l)-ad of groups 
(F\ Rx, . . . , R n ) relative to Rj for some 1 < j < n. Then we show that for a given 
pseudosimplicial group F*, the normal (j + l)-ads of groups (F n ; Kerc?Q, . . . , Ker c?™_ 1 ) 
are simple relative to Kerd'j_ l for all 1 < j < n (Proposition The main result 
of Section 2 is Theorem EJ giving that for an aspherical augmented pseudosimplicial 
group (F*, <i{], G), there is a natural isomorphism 



TT n Z k (F*) 



i=0 

is m-l\ 

n-U 



D fc (F„_ 1 ;Ker^- i ,...,Kero!: 



for n > 1, k > 2. Here the .D^-term takes the form of an iterated commutator 
subgroup which is an obvious generalisation of the denominator terms of both the 
classical Hopf formula and the Brown-Ellis extension of that formula. It is also 
related to the descriptions of the image term of the Moore complex, as used in 
I2()j. The explicit formula is given at the start of Section 2. 

For an inclusion crossed n-cube of groups, A4, given by a normal (n + l)-ad of 
groups we construct, in Section 3, a new induced crossed n-cube B k (A4), k > 2 
fProposition II We show the existence of an isomorphism of simplicial groups 
Z k E( n \M)* = E( n \B k (M))*, where E^{M)* denotes the diagonal of the n- 
simplicial nerve of the crossed n-cube of groups Ai, (Proposition [T2"|) . 

Section 4 is devoted to the investigation of some properties of the mapping cone 
complex of a morphism of (non-abelian) group complexes introduced in |17j . In par- 
ticular, for a given morphism of pseudosimplicial groups a : — » the natural 
morphism k : NM^a) — > C*(5) induces isomorphisms of their homology groups, 
where C*(5) is the mapping cone complex of the induced morphism of the Moore 
complexes and NM*(a) is the Moore complex of a new pseudosimplicial group con- 
structed using a (Proposition IT3*|) . (Here similar results have recently been found 
by Conduche, [B].) Using this result we derive purely algebraicly the result of [T?] . 
(3.4. Proposition), giving for a crossed n-cube of groups M. an isomorphism be- 
tween the homotopy groups of E^ n '(M.)* and the corresponding homology groups 
of a chain complex of groups G„(.M), (Proposition IT4*|l. In particular, we give an 
explicit computation of the n-th homotopy group of the simplicial group E( n \A4)*. 

In Section 5, we introduce a notion of n-fold Cech derived functors of an endo- 
functor on the category of groups (Theoremllfi[ Definition) which will be the subject 
of future papers and applications to nonabelian homological algebra and F-theory. 
We give an explicit calculation of n-th n-fold Cech derived functor of the functor 
Z k , k > 2 (Theorem EOJ). Our method gives the possibility of finding the sought 
for sufficient conditions for, and a purely algebraic proof of, the generalised Hopf 
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formula of Brown and Ellis, moreover we express L n Z^{G\ n > 1, k > 2 by a Hopf 
type formula (Theorem 12 

In Section 6, an application to algebraic F'-theory is given. In particular, Quillen's 
algebraic F-functors K n+ \, n > 1 are described in terms of short exact sequence 
including the higher Hopf type formulae for free exact n-presentations induced by a 
free simplicial resolution of the general linear group (Theorem I23j) . 



1. An approach to the classical Hopf formula via Cech derived 

functors 



We give here a brief introduction to Cech derived functors. A fuller account is 
given in ^2]- We will limit ourselves to the Cech derived functors of the Abelian- 
ization functor. Later we will develop the n-fold analogue of some of this theory. 

Definition. Let T : d5r — ► S5r be a covariant functor. Define i-th Cech derived 
functor L{F : G5r — ► C5r, % > 0, of the functor T by choosing for each G in (J5r, a 

a 

free presentation $ : R >— > F -» G of G and setting 

CiT(G) = iri{TC{a)*) , 

where (G(a)*, a, G) is the Cech resolution of the group G for the free presentation 
5 of G. This latter resolution is constructed as follows: 

Given a group G and a homomorphism of groups a : F — > G. The Gec/i augmented 
complex (C(a)*,a,G) for a is 

_ 5 5 * 



Fx G ---x G F \ •••-> F x G F 4 F G 



thus 

G(a) n = F Xq ■ ■ • Xq F = {(x , . . . , x n ) E F n+1 I a(x ) = ■ ■ • = a(s n )} for n > , 

(n+l)— times 

(*^0) • • • > -^n) (p^Oi • • • ) *^i> ' ' ' ) *^n) 

and 

for < i < n (see 

In case F is a free group and a is an epimorphism as in ^ above, (G(a)*, a, G) 
will be called a Cec/i resolution of G. Example. The prime example of the Cech 

derived functors are those of the abelianization functor. We recall that 

H 2 (G) =* £^&(G) 

and will use this later. 

Now using crossed modules and their nerves, we present a fresh view of the Cech 
complex which leads to some ideas that will be useful throughout the paper. 
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First, let us recall the definition of crossed module. A crossed module (M, P, fj,) is 
a group homomorphism /x : M — > P together with a (left) action of P on M which 
satisfies the following conditions: 



(i) /i( p m) 



fi(m) 



in 



p\i{m)p 1 , 
= mm'm -1 , 



for all m, m' G M and p £ P. 

A morphism (<£>, ip) : (M, P, [/,) 
square of groups 



(Peiffer identity) 

— > (N, Q,v) of crossed modules is a commutative 



such that (p( p m) = ^^ip(m) for all m G M, p E P. Let us denote the category of 
crossed modules by CM.. 

It is well known from [Uj that the category CM of crossed modules is equivalent 
to the category of cat ^groups (for the definition see [El), and for a given crossed 
module, M. = (M — > P), the corresponding ca^-group is (M xi P,s,t), where 
s(m,p) = p and t(m,p) = n{m)p. This cat 1 -group has an internal category stucture 
within the category (3t of groups and the nerve of its category structure forms the 
following simplicial group 



E{M)* : 



E(M) r 



do 



E{M)i 



do 



di 



E{M) , 



where E(Ai) n = M ><(••• (M x P) ■ ■ ■ ) with n semidirect factors of M, and face 
and degeneracy homomorphisms are defined by 



d (mi, . . 


■ ,m n ,p) = 


(m 2 , ■ ■ 


■,m n ,p) , 






d;(mi, . . 


■,m n ,p) = 


(mi, . . 


.,mim i+1 , . . . 


m n ,p) , 


< % < n , 


d n (mi, . 


■ ,m n ,p) = 


(mi, . 




)P), 




Si{m x , . . 


■ ,m n ,p) = 


(mi,.. 


. ,771*, l,m m , 


..,m n ,p) 


, < i < n 



The simplicial group E(A4)* is called the nerve of the crossed module M. and its 
Moore complex is trivial in dimensions > 2. In fact its Moore complex is just 
the original crossed module up to isomorphism with M in dimension 1 and P in 
dimension 0. 



Lemma 1. Let G be a group and F — > G be a homomorphism of groups. Then 
the Cech complex for a is isomorphic to the nerve of the inclusion crossed module 
E(R where R = Kera. 
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Proof. Let us compare the following two simplicial groups, the Cech complex for a 
and the nerve of the inclusion crossed module R<-^ F 



E(R^F)* : ... ; R x R x F \ R x F ? F 

A 2 A 



An 



C(a)* : ■■■ \ F x G F x G F^F x n F^F 
by constructing a morphism A* as follows: 

A is the identity on P; and 

X n {r 1 ,...,r n ,f) = (r 1 ---r n f,r 2 ---r n f,...,r n f,f) for all n>l and 
(n,...,r n J)EE(R^F) n . 
It is easy to check that A* is isomorphism of simplicial groups. □ 

We recall from pa] that a crossed module /i : M — > P is called abelian if P is 
an abelian group and the action of P on M is trivial. This implies that M is also 
abelian. Let us denote the category of abelian crossed modules by 215CM. 

One can define the abelianization functor Ab from the category CM to the cate- 
gory QlbCM in the following way: for any crossed module M. = (M A P), 

in which [P, M] is the subgroup of M generated by the elements p mm~ l for all 
m G M, p <E P and /I is induced by /i. 

Given a simplicial group G>, let us apply the group abelianization functor dimension- 
wise, denote the resulting simplicial group by Ab(G*). 

Proposition 2. Let M — > P be a crossed module. Then there is an isomorphism of 
simplicial groups 

Ab(E(M A P)*) = E(Ab(M 4- P))* . 
Proof. Let us consider the two simplicial groups 



Ab(E(M A P)*) : : ... j (M x M x P) ab ==£ (M x P) a6 r 

and 

M M „„, _ M 



It is easy to show that 



and 



K[(m,p)} = ([m], [p]) 
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K'([m], [p]) = [(m,p)] 
are homomorphisms and kk' = k'k = 1. Using these isomorphisms one has 

(M x (M X P)) a6 = 7 — 7 x (M x P) ah 

v v ;; [MxP,M] v ; 

M M , 
x - x P a6 



[M x P, M] [P, M) 
M M 

X 7 7 X P 



tt/> 



[P,M] [P,M] 



since [M x P, M] = [P, M] as 



V m — m l J m m m 

= m p m'm'~ l m~ l mm'm~ 1 m'~ 1 

= m^m'm'-^m^^m'm'- 1 ) G [P, M] 

for all m, m' G M, p E P. It is also easy to see by the same sort of argument that 
there exist isomorphisms between higher terms of these simplicial groups and that 
these isomorphisms are compatible with face and degeneracy maps. □ 

Now we are ready to revisit the classical Hopf formula. 

One can prove the Hopf formula in many ways, but for our later generalization 
we will prove it using the Cech derived functors. 

i 

Theorem 3. Let G be a group and R >— > F G be a free presentation of the group 
G. Then there is an isomorphism of groups 

2{) = [F,R] ■ 

Proof. Using [221123 (see also Theorem 2.39(h), J2])> there is an isomorphism 

H 2 (G) S C 1 Ab(G) , 

where L\Ab is the first Cech derived functor of the group abelianization functor. 
Now Lemma Hand Proposition El implies an isomorphism 

H 2 (G) = n 1 (E(Ab(R^F)) t ) . 

As we already mentioned above, it is clear that ni(E(Ab(R <^-> P))*) is isomorphic 
to the kernel of the crossed module 



Ab{R^F) 



R 



\F,R] [P,P], 

giving the desired result. □ 
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a 

Corollary 4. Let R >— > K -» G be a presentation of a group G and H 2 \K) = 0. 
Then there is an isomorphism of groups 

R n [K, K] 



H 2 (G) 



[K,R] 





Proof. Consider a free presentation R >— > F -» F" of the group F. Hence, one has 

a/3 

also a free presentation R >—> F -» G of the group G. It is easy to check that there 
is an exact sequence of groups 

R" n [F, F] R' n [F, F] R K G 

[F, R"] y ~\Fl*\ ' WJl]^ \KJC\ ~* PM ~* ' 

Thus by Theorem 01 and the condition that H2(K) = 0, one has the following exact 
sequence of groups 

— H 2 (G) — — K ab — > G ab — > 1 , 

which completes the proof. □ 



2. Simple normal (n + 1)-ad of groups 



One of the tools we will be using later is the theory of crossed n-cubes of groups. 
These generalise normal (n+ l)-ads of groups in the same way that crossed modules 
generalise normal subgroups. We therefore start by developing some techniques for 
handling (n + l)-ads of groups, relating them to iterated commutators. 

Given a group F and n normal subgroups, R±, . . . , R n , then (F; R\, . . . , R n ) will be 
called a normal (n + l)-ad of groups. A normal (n + l)-ad of groups (F; R±, . . . , R n ) 
is called simple relative to Rj for some 1 < j < n if there exists a subgroup F' of 
the group F such that 

F'nRi = 1 , n Ri = ( n R { n n ^ n i?,) 

for all A C (n) \ {j}. 

For a given (n + l)-ad of groups (F; . . . , i? n ), A C (n) and fc > 1 denote by 
Dk(F; A) the following normal subgroup of the group F 

TT [ n Ri, [ n R h . . . , [ n i^, n Ri] ...)). 

AiUA 2 U---UA fe =A 

Sometimes we write Dk(F; Ri, . . . , i? n ) instead of the notation Dk(F; (n)) . 

Lemma 5. Lei (F; Fi, . . . , F„) be a normal (n + i)-ad of groups which is simple 
relative to Rj , 1 < j < n and k > 1, then 

D k (F; A) = (D k (F; A) n F')D k (F; A U {j}) 

for all A C (n) \ {j}. 
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Proof. We use induction on k. Let k — 1, then 

l>i(F; A) = n ifc = ( n Ri n F')( n ifc n i^-) = ( n R, n f^d^f-, a u {j}) 

for A C (n) \ {j}. 

Proceeding by induction, we suppose that the assertion is true for k — 1 and we 
will prove it for k. 

The inclusion (D k (F; A) n F')D k (F] A U {j}) C F> fc (F; A) is obvious. It is easy 
to see that a generator of D k (F; A) has the form [x, w], where x G H Ri, w G 

D fe _i(F;C), 5,C C A C (n) \ {j} and 5 U C = A. There exist elements y G 

fl AflF' and z G fl iL fl iL- such that a; = yz. One has 

ieB ieB 3 y 

[x,w] = [yz,w] = y[z,w]y~ l [y,w] . 

Clearly [z,w] G D k (F; B UCU {j}) = D k (F; A U {j}) and hence G 
D k (F;A U {j}). By inductive hypothesis there exist w' G D k _i(F;C U {j}) and 
x' G D k _i(F; C) fl F' such that u> = x'u/. One has 

[y,w] = [y,x'w f ] = [2/,xVb,™V _1 • 

Clearly G D k (F; B UCU {j}) = D k (F; A U {j}) and hence x'[y, w']^ 1 G 

D k (F;A U {j}). Therefore there is an element w" G D k (F;A U {j}) such that 
[x, w] = [y, x']w" where [y, x') G £> fe (F; A) n F'. □ 

For a given group G the (lower) central series T k = T k (G), 

G = T 1 DT 2 D---DT k D--- 
of G is defined inductively by T k = F] |Fj, Fj]. The well-known Witt-Hall identities 

i+j=k 

on commutators (see e.g. 0) imply that Y k = [G,T k ^x]. 

Let (J5r denote the category of groups. Let us define higher abelianization type 
functors Z k : 0r -> 0r, fc > 2 by Z fc (G) = G/Y k (G) for any G G ob (25r and 
where Z k (a) is the natural homomorphism induced by a group homomorphism a. 
Of course, Z 2 is the ordinary abelianization functor of groups. 

Proposition 6. Let (F; Ri, . . . , R n ) be a normal (n + l)-ad of groups and k > 2. 
Suppose that (F; Ri, . . . , Rj) is a simple normal (j + l)-ad of groups relative to Rj 
for all 1 < j < n. Then 

n R i nT k (F) = D k (F;(j)), l<j<n. 

Proof. Since the inclusion D k (F; (j)) C fl FiRT^F) is clear, we only have to show 

the inclusion fl i^fl Tfc(F) C D k (F; (j)), which will be done by induction on j. 

Let j = 1, then there exists a subgroup Fi of the group F such that Fi fl F\ = 1 
and F = FxR x . Let we^fl V k {F) C r fc (F) = D k (F;$). Using Lemma El one 
has elements x' G F fc (F;0) fl Fi and «/ G D k (F; (1)) such that u> = x'«/. But 
x ' = ww - 1 G i?i and hence x' = 1. Thus Fi n T fc (F) C D k (F; (1)). 
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Proceeding by induction, we suppose that the result is true for j — 1 and we will 
prove it for j. 

There exists a subgroup Fj of the group F such that Rj n Fj = 1 and .("LRj = 

( n Ri n F)( n ^ n iL) for all A c {l, . . . , j - l}. Let w g n Ri n r fc (F) c 

iGA iGA *G(j> 

fl Ri fl Using the inductive hypothesis one has the equality fl -Rj fl 

ieO'-i) " ieO'-i) 

r fe (F) = -D fc (F; (j - 1)). By Lemma El there are elements x' G -D fe (F; (j — 1)) fl Fj 

and iy' G Dk(F; (j)) such that u> = x'w'. Certainly x' = ww _1 G -Rj and hence 

x' = 1. Therefore ni^fl I\(F) C (j)). □ 

These conditions may seem rather restrictive, but the following observation shows 
that examples of simple normal (n + l)-ads of groups appear naturally, and that 
moreover these examples satisfy the conditions of Proposition El First some termi- 
nology and notation on pseudosimplicial groups, (cf. 12 j for the general theory). 

A pseudosimplicial group is a non-negatively graded group with face homo- 
morphisms d% : G n —* G n _i and pseudodegeneracies, s" : G n —* G n+ i, < z < n, 
satisfying all the simplicial identities except possibly the identity = s^sf 

for z < j (again, see [121 )• The Moore complex (NG*,d*) of G* is the chain com- 

71-1 

plex defined by iVG^ = fl Kerci™ with <9 n : NG n — > NG n -i induced from <i™ by 

i=0 

restriction. The homotopy groups of are defined as the homology groups of the 
complex (NG*, <9*), i.e. 7T n (G>) = H n (NG*, <9*), n > (see [I2])- For good examples 
of pseudosimplicial groups see [THj . 

Proposition 7. Let F* fre a pseudosimplicial group. Then (F n ; Ker d^, . . . , Ker 

is a simple normal (j + l)-ad of groups relative to Ker c?™„ 1 for all 1 < j < n. 

Proof. Since d^_ x 8^z\ = 1, s^O^n-i) n Ker = 1 and s^F^x) Kerd^_ x = F n 
for all n > 1. Hence when j = 1, (F n ; Ker tip) is a simple normal 2-ad of groups 
relative to Kerc?Q and the F' of the definition of simplicity is Sq _1 (F, 



n-l; 



Now suppose that j > 1. We will show the following equality 



D KereT = ( n Kerd" n s7~}(F t ^. 1 ))( D Kerrf™ n Kertff ,) 

ieA \gA 4 J iV «gA 1 J iy 

for all A C {0, . . . , j — 2} and A ^ 0, so again the F' of the definition of simplicity 
is s™zl(F n _i). Let x = s?Zi{x n -i)i r j-i e H Kerd™, where x n _i G F n _x, r,-_j G 

J J 7GA 

Kerd^. Thus d?(z) = d"s^ 1 1 (a; n _ 1 )rf™(r j _ 1 ) = 1 for all z G A. Since z < j - 1, 
one has t^fa-i) = s^drVn-i) -1 - Hence 1 = d^dj-iirj-i) = d^Z^r^x) = 
dp^dTVn-i) -1 = dr\x n ^)-\ Therefore d?fa_i) = 1 and dfs]zKx n ^) = 
1 for all ieA. □ 

The next lemma is well known, but very useful. The proof is routine. 

Lemma 8. Let G* be a pseudosimplicial group and A C (n), A ^ (n), then 
<%( n KerdJL,) = n Kerd? - , 1 , n > 2. □ 

iGA 4 iy iGA 41 ~~ 
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Next let us consider an augmented pseudosimplicial group (F*, d[j, G) and, apply- 
ing the functor Z k dimension-wise, denote the resulting augmented pseudosimplicial 
group by (^(F*), Z^d®), Zk{G)). Our previous results will allow calculation of the 
homotopy groups of Zk(F*) in certain important cases notably the following. 

Theorem 9. // (F*, d(j, G) is aspherical then there is a natural isomorphism 

"n'Kerc^nr^iVO 

TlnZJF*) = = r- , k > 2, n > 1 . 

Proof. Let us consider the short exact sequence of augmented pseudosimplicial 
groups 

1 111 

J, J, J, J, 



r k (F n ) 




^0 


r fc (F ) 


i r*(G) 




"n 








i 


I 




1 


1 




a 








F n 


^...^ Fx 




F 


S G 




"n 


4 






i 


I 




1 


i 


Zk{F n ) 






Z fc (F ) 





J, J, J, -J, 

1 111 

By the induced long exact homotopy sequence, one has the isomorphisms of groups 

T) 1 Ker dp 1 

7r n Z fc (F) = — , n > 1 . 

<( n > Kerd?) 

Since d™ is a restriction of d™ to Pfc(F n ), Kerd™ = Kerd™ fl Pfc(F n ). Hence 

n— 1 n— 1 -, n— 1 — n— 1 

n Kerd™" 1 = ( n Ker^" 1 ) nr fc (F n _x) and n Kerdf = ( n Ker d?) n T fc (F n ). 
Using Proposition IH1 and Proposition one has 

( n Kerdtx)nr fc (F n ) = J D fc (F n ;Ker^,...,Ker<_ 1 ) 

ie{n) 

for n > 1. 

Since (F*, G) is an aspherical augmented pseudosimplicial group, 
d™( PI Kerd^-J = fl Kerd"^, n > 1. Using this fact and Lemma |H1 it is now 

easy to see that one has an equality 

^(T^Kerd?) = d£(F> fe (F n ; Ker d» . . . , Ker J) = D fc (F ft _ i; Kerd^ 1 , . . . , Kerd^lJ) . 
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□ 

In the case where (F*, d®, G) is a free pseudosimplicial resolution of G, these homo- 
topy groups will be the left non-abelian derived functors L n Z k {G) of Z k , evaluated 
at G. (For more on these non-abelian derived functors, we refer the reader to [T2].) 
We thus have the following formal result. 

Corollary 10. Let G be a group and (F*, <i(j, G) an aspherical augmented pseudosim- 
plicial group and k > 2. If F n is a free group for all n > 0, i.e. (F*, d®, G) is a free 
pseudosimplicial resolution of the group G, then there is a natural isomorphism 

"n'Ker^nr^F^) 

L n Z k (G) = — = t- , n > 1 . 

kK } D k {F n _ v ^dt\...^d n -_\)' ~ 

Proof. Straightforward from Theorem □ 



3. Crossed n-cuBES of groups 



The following definition is due to Ellis and Steiner ^1] (see also |2Sj)- A crossed n- 
cube of groups is a family {M.a '■ A C (n)} of groups, together with homomorphisms, 
\ii : M.a M-A\{i} for i G (n), A C (n) and functions ft, : Ma * M.b — ► M.A\jb 
for A, I? C (n), such that if a 6 denotes h(a,b) ■ b for a G A4a and 6 G A4# with 
iC5, then for all a, a' G A^a, 6, 6' G A^b, c G A^c* and i, j G (n), the following 
conditions hold: 

//j(a) = a if i ^ A, 

fiih{a,b) = h(ni(a),iJ,i(b)), 

h(a, b) = h(fj,i(a), b) = h(a, Hi(b)) if i G A n B, 

h(a, a) = [a, a], 

h(a, b) = h(b, a) -1 , 

h(a, b) = 1 if a = 1 or 6=1, 

h(aa',b)— a h(a' ,b)h(a,b), 

h{a,bb') = h{a, b) b h{a, 6'), 

a h{h{a-\ 6), c) c h(h(c-\ a), b) b h{h{b~\ c), a) = 1, 
a /i(6,c) = /i( a 6, a c) if A C 5 n C. 

A morphism of crossed n-cubes, {A^a} - * {A^aK * s a family of group homomor- 
phisms {/a : A^a — > -M-'aj A C (n)} commuting with the /ij and the /i-functions. 
This gives a category of crossed n-cubes of groups which will be denoted by Crs n . 
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Examples. 

(i) A crossed 1-cube is the same as a crossed module (see Section 1). 

(ii) A crossed 2-cube is the same as a crossed square (for the definition see j3j). 
The detailed reformulation is easy. 

(iii) Let G be a group and Ni, ... , N n be normal subgroups of G. Let M.a = 

fl Ni for A C (n) (we also note that then = G); if i G (n), define 
ieA 

Hi : -^-> AfA\m to be the inclusion and given A, B C (n), let h : Af^ x 
M.B — >• A^aub be given by the commutator: fo(a, 6) = [a, 6] for a G Af^, & G 
Al# (here, of course, Maub = Ma C\Mb) ■ Then {Al^ :AC (n), /i} 
is a crossed n-cube, called the inclusion crossed n-cube given by the normal 
in + l)-ad of groups (G; N±, . . . , N n ). 

Ellis and Steiner [TT] prove that Crs n is equivalent to the category of cat n -groups 
introduced by Loday who proved that equivalence for n — 1,2, [TT] . 

For a given crossed n-cube Al, there is an associated cat n -group and hence on 
applying the crossed module nerve structure E, examined in Section 1, in the n- 
independent directions, this construction leads naturally to an n-simplicial group, 
called the multinerve of the crossed n-cube Af and denoted by 9ter(Af). Taking the 
diagonal of this n-simplicial group gives a simplicial group denoted by E<ri(M) m , 
(see 123). 

Proposition 11. Let M. be an inclusion crossed n-cube given by a normal (n+l)-ad 
of groups (F; R\, . . . , R n ) and k > 2. Then there is a crossed n-cube B k (A4) given 
by: 

(a) for A C (n) 

B k {M) A = fl Ri/D k (F; A) . 

i&A 

(b) if j G (n), the homomorphism jlj : Bk(M.) A — > B k (A4) A\{j} is induced by the 
inclusion homomorphism fij . 

(c) representing an element in Bk(M) A by x where x G fl Ri (the bar denotes a 

ieA 

coset), and for A, B C (n), the map h : Bu(M)a x B k (M)B —> B k (M)AuB 
is given by h(x, y) = h(x, y) = [x, y] for all x G B k {M)A, y G B k (M.)B- 

Proof. In our notation 



D k {F-,A)= TT [ n Ri,[ n Ri,...,[ n R h n i*]...]] , Ac( n ). 

, . , «GAi iGA 2 «6A fc _i iGA fe 

AiUA 2 U---UA fe =A 

Since 



[ n Ri, [ n . . . , [ n R h n R t ] . . .]] c 

iGAi ieA 2 «eA fe _! iGAfe 



[ n n ...,[ n n R, 

i£M\{j} *GA 2 \{j} ieA fc _i\{i} «GA fe \{j} 
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for Ai U • • • U A k = A C in), the inclusion /ij : fl Ri fl i?j induces the 

ieA ieA\{j} 

homomorphism ftj : Bk(M)A —> Bk(M) A\{j} f° r all j G (n). 

Now we are only left to show that the function h : Bu(M)a x Bk(M)s — > 
Bk{M)AuB for A,B C (n) is well defined. In fact, let rr' G fl Ri, y' G D i2j be 

such that 



xa:'" 1 g ]T [ n n n n R t 



AiU---UA fe =A 

and 

yy'^G TT [nRi,[nRi,...,[n R h n R t ] . . .]]. 



The inclusion 



ieAi ieA 2 jeA fe _! ieA fc 

A 1 U---UA k =B 



\n Ri, n c n 

ieA ie£ ieAuB 



for all A, B C (n) implies that 

= xy'[y'~ l y, x^y'^x^xty' , x _1 x']x~ l 

g ff [. n ifc, [. n Ri,..., I n ifc, . n ifc] ...]], 

AiU---UA fe =Au£ 



so h(x,y) = h(x',y') and /i is well defined. The verification that Bk(M) is a crossed 
n-cube is routine and is left as an exercise. □ 

Remark. The functor £> 2 coincides on the subcategory of inclusion crossed n-cubes 
with the abelianization functor Ab from the category Crs n to the category %bCrs n 
of abelian crossed n-cubes of groups (i.e. crossed n-cubes all of whose h maps are 
trivial), considered for n — 1 in Section 1 and defined in general by the following 
way: for any M = {Ma -AC in), h} in Crs n , Ab (Ai) is an abelian crossed 
n-cube given by: 

(a) for A C (n) 

^(-M)a = n MA n , 
11 ^£,c 

S,C C(n> 
BuC=A 

where -D_b,c is the subgroup of A^a generated by the elements h(b,c), 
h: Ai B * Mc -> A1buc=a for all & G Af^, c G A^c- 

(b) if i G (n), the homomorphism /I; : Ab(M)A — > Ab(M)A\{i} is induced by the 
homomorphism /ij. 

(c) for A, B C (n), the function h : 4&(A1)a x 4&(A4)b -> ^K- A/ ^)aub is 
induced by /i and therefore is trivial. 

The functor Ab : Crs n — > S&hCrs n is left adjoint to the inclusion functor 
i : S&bCrs n <— ► Crs n as is easily checked. 
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For any inclusion crossed n-cube M. given by a normal (n + l)-ad of groups 
(F; Ri, . . . , R n ) and k > 2, there is a natural morphism of crossed n-cubes M. — > 

B k (A4) inducing the natural fibration of simplicial groups 
defined by 

A^ fc (xi,...,x ; ) = (xi,...,xi) 
for all (xi,...,xi) G E^(M) m = ( H Ri) xi ■ • • x ( fi Ri) and m > 0, where 

Ai, . . . , Ai C (n) and / = (m + l) n . It is easy to see that Ker A^ fc = D k (F; A x ) X 

Let us consider a simplicial group G* and, applying the functor Z k dimension- wise, 
denote the resulting simplicial group by ZfcG*. 

Proposition 12. Let Ai be an inclusion crossed n-cube given by a normal (n + l)-ad 
of groups (F; R x , . . . , R n ) and k > 2. Then there is an isomorphism of simplicial 
groups 

Z k E^(M), = E^(B k (M)),. 

Proof. For any inclusion crossed module R F, It is easy to check the following 
equalities in the group R x ■ ■ ■ xi R x F: 

[(1, . . . , 1, x), (1, . . . , 1, x')\ = (1, . . . , 1, [x, x'\) , 

[(1, . . . , 1, r, 1, . . . , 1), (1, . . . , 1, x)] = (1, . . . , 1, [r, x], 1, . . . , 1) , 

s s 

[(1, . . . , 1, r 1, . . . , 1), (1, . . . , 1, r' 1, . . . , 1)] = (1, . . . , 1, [r, r'] , 1, . . . , 1) 

min{s, t} 

for all x, x' G F, r, r' G R. 

There are further generalisation of these equalities, namely for any inclusion 
crossed n-cube M. given by the normal n + 1-ad of groups (F,Ri,..., R n ) one has 
the following facts, the proof of which is routine and will be omitted. 

(A) Let s and t be any fixed elements of the set ((m + 1)™). Then there exists 
a unique A = A(s, t) G ((m + such that A\ = A s U A t and in the group 
E^ n \M) m there holds the equality: 

[(1, . . . , 1, x, 1, . . . , 1), (1, . . . , 1, y, 1, . . . , 1)] = (1, . . . , 1, [x, y], 1, . . . , 1) 

s t x 

for all x G Pi R4, y G H R4. 

ieAs ieA t 

(B) Let s G ((m + l) n ) and A,B C A s with A U B = A s . Then there exists 
p, q G ((m + 1)") such that A p = A, A q = B and A(p, g) = s. 

We only have to show the equality 

(1) T k (E^(M) m ) = KerA n m k 

which will be done by induction on k, using facts (A) and (B) above. 
Let k = 1, then it is clear that T^E^iM)^ = Ker A^ 1 . 

Proceeding by induction, we suppose that ((TJ) is true for k — 1 and we will prove 
it for k. 
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First we will show the inclusion Ker A^ fc C T k (E( n \ji4) m ). It is sufficient to show 
1 xi • • • xi 1 xi D k (F, A s ) X 1 x • • • X 1 C T k (E ( - n \M)m) for all s E ((m + l) n ) . 
In fact, any generator w of D k (F,A s ) has the form w = [x,y], where x E PI E4, 

y E Dk-i(F, B) and A U B = A s . 

Now (B) implies that there exist p, q E ((m + l) n ) such that A p = A, A q = B and 
^(P) q) = s - Thus we have 

[(1, . . . , 1, x, 1, . . . , 1), (1, . . . , 1, y, 1, . . . , 1)] = (1, . . . , 1, w, 1, . . . , 1) , 

P q s 

which means that 

1 xi ■•• xi 1 x D k {F,A s ) xi 1 xi ■•• xi 1 C [E (n) (7W) m ,KerA^- 1 ] . 
Therefore by the inductive hypothesis we obtain 

lx---xlxL> fc (F,A s )xlx---xl C [E^(M) m ,T k _ 1 (E^(M) m )]=T k (E^(M) m ) . 

Finally we will show the inverse inclusion T k (E^ n \M) m ) C KerA^ fc . In fact, 
any generator w of T k {E^ n \M.) m ) could be written as w = [iwi,^], where W\ E 
E^(Ai) m and w 2 E T k ^ 1 (E ( - n \ji4) m ). Using again the inductive hypothesis we 
have w 2 E Ker A^ fc_1 . Thus 

(m+l)' 1 

w x = TT (1, . . . , i,x s , 1, . . . , 1) , x s e n B4 , 

s=l 
(m+l) n 

w 2 = JT (1,... ,1,^,1,. ..,1) , y t E D k -i(F , A t ) ■ 

It is certain that [x s ,yt] E D k (F,A s U A t ). Then (A) implies that we have 

[(1, . . . , l,x s , 1, . . . , 1), (1, . . . , l,y t , 1, . . . , 1)] = (1, . . . , 1, [x s ,y t ], 1, • • • , 1) 

s 1 A(s,t) 

E 1 xi • • • xi 1 xi D k (F, A X ( s , t )) xi 1 x • • • x 1 C Ker A^ k . 
Then the Witt-Hall identities on commutators implies that w E Ker A^ fc . □ 



4. NON-ABELIAN MAPPING CONE COMPLEX 

A complex of (non-abelian) groups (A*,d*) of length n is a sequence of group 
homomorphisms 

A A , ^4 • • ■ -A> A„ 

such that Imcij+i is normal in Kertij. Now we recall the following definition from 

Let / : (A*,d*) — > (-B*,cfJ be a morphism of chain complexes of groups. Let / 
satisfy the following conditions (*): 

each fi'.Ai—* Bi is a crossed module 
and 
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the maps (d;, d^) form a morphism of crossed modules. 

Then the mapping cone of / is a complex of (non-abelian) groups (C*(/),9*) 
defined by Cj(/) = x B iy where the action of Bi on is induced by the 
action of B^\ on via the homomorphism d\] and 

di(a,b) = (rfi_i(a) _1 ,/i_i(a)(i-(6)) 

for all a G A^i, b G B^ Then by [T7], Proposition 3.2, there is a long exact sequence 
of groups. 

(2) > Hi(A+) — > — > Hi(C*(f)) — > F*_i(A*) 

Now let us consider a morphism of pseudosimplicial groups a : (C7*,<i*,s*) — > 
(H*,d'*,s'*) satisfying conditions (* *) : 

eac/i a n : G n — > if n a crossed module 
and 

iae maps (d*, d£*) and (s*, sf ) /orm morphisms of crossed modules. 
Define a new pseudosimplicial group M*(a) in the following way: 

Af„( a) = G„»G„>....»G„,,g„, 

n— times 





■-,9n,h) = 


(d n (92),- 


..,d%(g n ),d' n (h)), 


d?(9i,- 


■-,9n,h) = 


W(gi),. 


. . , d?G»KG&fi), . . . , dT(<7»), dT(/i)) , o < < < n , 


<%{gi, ■ 


■,9n,h) = 


W(9i),- 


. . , d£(0n_i), a n _!<(^X n (/i)) , 


'"(in, ■ ■ 


■,9n,h) = 


(s?(9i),. 


. . , S »( ft ), 1, ^(fc+i), • • • , s?(</ n ), , < i < n 



It is easy to see that the induced morphism 5 : NG* — > NH*, where NG* and 
NH* are the Moore complexes of G* and if* respectively, satisfies the conditions 
(*). Therefore one can consider the mapping cone complex C*(5) of 5. 



Proposition 13. The natural morphism of complexes k : NM^a) —>■ C*(a), given 
by K n (gi, g 2 , ■ ■ ■ , g n , h) = (d™(g n ), h), n > induces an isomorphism of groups 

Tr n (M*(a)) ^ H n (C.(a)) , n>0. 

Proof. The verification that k„, n > is a homomorphism and commuting with 
differentials is easy. Let (g, h) G NG n -\ x iViJ„ = C„(5), then it is easy to check 
that {sr\g) <n ^\...,slz\{gY\slZ\{g),h) G NM n (a), where e(z) = It is 

clear that Kn(-So~ 1 (fi , )^ n_1 ' ) , • • • , SnZ\(g)~ l , s^z\{g), h) = (g, h). Hence n n is surjective 
for all n > 0. 

Consider the kernel complex (<S*,d*) of k. Note that Im<9 n is not normal in 
Ker<9 n _i in general, <25 = 1 and 

/ \ | d%(gj) = 1 , 2<j<n; 

e. = < G „ * ;g 2 :'x'' 9 - "i G J * (») = ««*)««*») = 1 , 1 <i < n-l 
\.n n| l<j<n and «^j-l,J 

n ' timCS I <(<?n) = 1 



18 GURAM DONADZE, NICK INASSARIDZE AND TIMOTHY PORTER 

Furthermore, it is easy to check that for an element (gi, . . . , g n -i) G Ker<9 n _i, the 
element (g[, . . . , g' n _i, g' n ), defined by the formulae: 

, = J < !(//>;: ,(//;') • ■ ■ sr\g? M) >t?(gf n -%^ ■ * even, 

9i \ ^dd, 

for all 1 < i < n — 1 and g' n — 1, belongs to (& n and 

dn(g[, ■ ■ ■ , g'n-!, g'n) = {gi, ■ ■ -,g n -i)- 

Now the proposition follows from the long exact homology sequence induced by the 
short exact sequence of complexes 1 — > (25* — > NM*(a) — — > C*(<5) — > 1. □ 

Given a pseudosimplicial group G>, we will say that the length of G* is < n, 
denoted by < n if NGi — 1 for i > n. 

Remark. Let a : (G>, <i*, s*) — > (H*,d'*,s'*) be a morphism of pseudosimplicial 
groups satisfying the conditions (**) and n > 2. Suppose 1{G*) < n — 1 and 
^(-^*) < n — 1. Consider an element (gi, g 2 , . . . , gk, h) G NM k (a), k > n, then 

d h ( 9j ) = 1 , 2 < j < k , 

(ft) = d*( gi )d*(g i+1 ) = 1 , 1 < i < fc - 1 , 1 < j < k and i ^ j - 1 , j , 

df{h) = l, 0<i<Jfe-l. 

By Lemma |H1 one can easily show that gi = l,l<i<k and h = 1, meaning 
NM k (a) = 1 for fc > n. Thus Z(M»(a)) < n. 

Now using the mapping cone construction, for a given crossed n-cube Ai, we 
construct inductively a complex of groups C*(A1) of length n, always having in 
mind that M. is thought as a crossed module of crossed {n — l)-cubes, M.\ — > M.q 
(Proposition 5, [25J). In fact, for n = 1, and M = (M A P), C*(.M) is the 
complex M — > P of length 1. Let n = 2 and .M be a crossed square, considered 
as a crossed module of crossed modules or a morphism of complexes of length 1 
satisfying the conditions (*). The construction above gives a complex C*(M.) of 
length 2. (This has a 2-crossed module structure, jH], as noted by Conduche, see 
also 121].) Proceeding by induction, suppose for any crossed (n— l)-cube M. we have 
constructed a complex C*(M) of length n — 1. Now let M. be a crossed n-cube and 
consider it as a crossed module of crossed (n — l)-cubes .Mi — > Aio, which implies 

a morphism of complexes of groups C t (Mi) — —> C*(A4 ) of length n — 1 satisfying 
the conditions (*). So using again the above-mentioned construction we obtain a 
complex of groups C*(M) = C*(5) of length n. 

Proposition 14. [Ej Let Ai be a crossed n-cube of groups. Then l(E n (Ai)*) < n 
and there is a natural morphism of complexes NE^ n >{Ai)* — > C*(A4) which induces 
isomorphisms of groups 

Tti{E^\M),) = Hi{C*(M)) , i > . 
Moreover n n (E^ (M)*) = H Ker(M {n) M {n) 

i=l 



GENERALISED HOPF TYPE FORMULAS 



19 



Proof. This is obvious for n — 1. Let n = 2 and Al be a crossed square respectively. 
If we consider Ai as a crossed module of crossed modules Aii — > Alo inducing 
the natural morphism of simplicial groups i£W(A4i)* ^^(Afo)* satisfying the 
conditions (**), then by definition E^ 2 \Ai)* = M*(a), and by Proposition 1131 and 
the corresponding Remark, l(E^ (Ai)*) < 2, and there exists a natural morphism 
of complexes NE^(Ai)* — > C*(5) inducing an isomorphism 

^(^(Al)*) = ^(L7,(5)) , z>0. 

Clearly C,(a) = C*(M). 

Proceeding by induction, we suppose that the assertion is true for n — 1 and we 
will show it for n. 

Let us consider any crossed ra-cube Ai as a crossed module of crossed (n — 1)- 
cubes Aii — > Afo- This implies a morphism of simplicial groups ^""^(Afi)* — * 

(A4q)* satisfying the conditions (**) and a morphism of complexes C*(A4i) 
C*(Alo) satisfying the conditions (*). By definition i^ n )(Af)* = M*(a), hence 
Proposition and its Remark imply that l(E( n \Ai)*) < n and there exists a 
natural morphism of complexes NE^ n > (AI)* — > C*(5) inducing isomorphisms 

TTiiE^iM^^H^aia)), *>0. 

Using the inductive hypothesis, there exist natural morphisms of complexes 

NE^(Mi), 4 C*(Mi) and iV^-^Afo)* ^ C*(A1 ), 
which induce isomorphisms 

^(E^iAii)*) = H t ,(C*(Mi)), 

TTiiE^iMo)*) = Hi(C t (M )), 
for % > 0. It is easy to check that k"5 = <5k' and that k") is a morphism of 

crossed modules for all i > 0. Then the natural morphism of complexes C*(5) ^-^> 
C*(S) = C*(M), by © and the five lemma, induces #i(C*(a)) = #i(C*(A1)), z > 0. 
Therefore the morphism of complexes 

NE<- n \M)* {K '^}° K C,(M) 

induces 

From these isomorphisms and the construction of C*(Ai) follows that 
ir n (E( n \M)*) = H Ker(Al (n > M {n) . 



□ 
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5. n-FOLD Cech derived functors 

The Cech derived functors of group valued functors were introduced in [22J (see 
also [12 j and, here, our Section 1) as an algebraic analogue of the Cech (co)homology 
construction of open covers of topological spaces with coefficients in sheaves of 
abelian groups (see [201 )• It is well known that the Cech cohomlogy of topolog- 
ical spaces with coefficients in sheaves is closely related to sheaf cohomology of 
topological spaces, in particular this relation is expressed by spectral sequences [2H] . 
Some applications of Cech derived functors to group (co)homology theory and K- 
theory are given in [221 123 123- I n this section we generalise the notion of the Cech 
derived functors to that of the n-fold Cech derived functors of an endofunctor on the 
category of groups. Based on this notion we get a new purely algebraic method for 
the investigation of higher integral homology of groups from a Hopf formula point 
of view and the further generalizations of these formulae. 

Let us consider again the set (n) = {1, . . . , n}. The subsets of (n) are ordered by 
inclusion. This ordered set determines in the usual way a category C n . For every 
pair (A, B) of subsets with ACBC (n), there is the unique morphism p 4 , : A — > B 
in C n . It is easy to see that any morphism in the category C n , not an identity, is 
generated by p^ for all A C (n), A ^ (n), B = A U {j}, j £ A. 

An n-cube of groups is a functor J : C n — > <5r, A \— > pjj \— > a^. A morphism 
between n-cubes O. : C n — > <3r is a natural transformation k : $ — > H. 

Warning: A crossed n-cube of groups gives an n-cube on forgetting structure, 
but note that there is a reversal of the role of the index A. The top corner of a 
crossed n-cube is G( n ), that in an n-cube is #0. This is due to the fact that an 
n-cube of groups yields a crossed n-cube as a sort of generalized kernel. 

Let A C (n) and consider two full subcategories of the category C n : is the 

category of all subsets of (n) containing the subset A and is the category of all 
subsets of (n) not containing the subset A. For a given n-cube of groups and A 
as above, denote by $ A and $ A the functors induced by the restriction of the functor 
5 to the subcategories C A and C A respectively. For a given morphism of n-cubes of 

groups k \ $ — > Hi denote by k a : $ A — » H A the natural transformation induced by 
restriction of the natural transformation k. 

Examples 

(a) Let (F; R\, . . . , R n ) be a normal (n + l)-ad of groups. These data natu- 
rally determines an n-cube of groups J a s follows: for any A C (n), let 

= F/TlRi] for an inclusion A C B, let : 5a — ► $b be the natu- 

ieA 

ral homomorphism induced by 1^. This n-cube of groups will be called the 

n-cube of groups induced by the normal {n+l)-ad of groups, (F; R l7 . . . , R n ). 



GENERALISED HOPF TYPE FORMULAS 21 

(b) Let (G*,d,Q,G) be an augmented pseudosimplicial group. A natural n-cube 
of groups G(n) '■ C n — *> &r, n > 1 is defined by the following way: 

Q{n) A = Gn-i-|A| for all A C (n) , 

*iu {j} = dVi~ lAl f o r all A ± (n) , j <£ A , 

where GLi = G, 5{k) = j and 5 : (n — \ A\) — > (n)\A is the unique monotone 
bijection. 

Given an n-cube of groups 5- It is easy to see that there exists a natural homo- 
morphism 3a hm^B for any A C (n), A ^ (n). 

Let G be a group. An n-cube of groups $ will be called an n-presentation of the 
group G if 5{n) = G. An n-presentation $ of G is called free if the group 3a is 
free for all A ^ (n) and called exact if the homomorphism is surjective for all 
A 7^ (n). Note that a fibrant n-presentation of a group G in the sense of Brown-Ellis 
|3j is the same as a free exact n-presentation of G in our sense, for a construction 
of such, see [3] • 

Proposition 15. Let (G*,cIq,G) be an augmented pseudosimplicial group and sup- 

dP 

pose that c?[J induces a natural isomorphism 7ro(G*) G. 

(i) Then the n-cube of groups G(n), n > 1, is induced by the normal (n + I) -ad 
of groups (G n -i> Ker g^ -1 , . . . , Ker d™Z{) i.e. 

Q{n) A = G n l /H Ker , A C (n) . 

(ii) (G>, G?(], G) zs aspherical if and only if the n-cube of groups Q{n) is an exact 
n-presentation of the group G for all n > 1. 

Proof, (i) Straightforward from the following well-known fact on pseudosimplicial 
groups: 

rf"(Kerd") = Kerd™" 1 for n > , < i < j < n . 

(ii) It is well-known that asphericity of the augmented pseudosimplicial group 
g?q, G) is equivalent to the simplicial exactness of (G>, d®, G), which certainly is 
equivalent to the fact that Q{n) is an exact n-presentation of G for all n > 1. □ 

Remark. From Proposition ITBT i) follows that if (F#, d®, G) is an augmented pseu- 
dosimplicial group such that d® induces a natural isomorphism 

7T (F*) 3 G 

and F iy i > are free groups, then the normal (n + l)-ad of groups 

(F^Ker^V.^Ker^I 1 ) 

satisfies the conditions of Theorem BE (see also [Sj, PD])- Thus, if these condi- 
tions were sufficient, simplicial exactness (or asphericity) of (F*, d®, G) would not be 
needed for getting the generalised Hopf formulas for higher homology of groups. It 
was this, in fact, that made us suspect that these BE conditions are not sufficient. 
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Given an n-cube of groups a normal (n+l)-ad of groups (F; R±, . . . , R n ), where 
F = ^0 and Ri = Keraqo , % G (n) is called the normal (n + l)-ad of groups induced 
by If $ is an exact n-presentation of the group then the normal (n + l)-ad 
of groups (F; . . . , R n ) satisfies the following condition: 

F/JlRi S ^ for all AC(n), 

iGA 

i.e. the n-cube of groups 5 is induced by the normal (n+l)-ad of groups (F; Ri, . . . , Rn) 
(see pj). 

Now let # be an n-presentation of the group G. Applying C (see Section 1) in 
the n-independent directions, this construction leads naturally to an augmented n- 
simplicial group. Taking the diagonal of this augmented n-simplicial group gives 
the augmented simplicial group ((7^(3%, a, G) called an augmented n-fold Cech 
complex for 5, where a = a?» : #0 - ► G. In case 5 is a free exact n-presentation of 

the group G, then (C^($)*,a,G) will be called an n-fold Cech resolution of G. 

Let G, H be groups. Let $ and be n-presentations of G and H respectively 
and A : G —>■ H a morphism of groups. A morphism k : $ — > of n-cubes will be 
called an extension of the group morphism A if fc/ n \ = A. 

Theorem 16. Lei J /ree and exaci n-presentations of given groups G 
and H respectively. Then any morphism of groups A : G — > H can be extended to a 
morphism k : 5 — > of n- cubes of groups which naturally induces a morphism k of 
simplicial groups 

« i | A 

over A. Furthermore, any two such extensions k, it : $ — > of X induce simplicially 
homotopic morphisms k, tt of simplicial groups, denoted byH^TT . 

Proof. We begin by showing the existence of a morphism of n-cubes of groups k : 
J — > extending the morphism of groups A : G — > H. 

Since $ is free and is exact, there exists a homomorphism K( n )\{i} '■ -S(n)\{i} 
Q.{n)\{i) f° r & U i> ^ ( n )i such that or^l /«(n)\{i} — ^ a M> ■ Suppose for some 
A C (n) and for all B D A, B C (n), there exists a homomorphism Kb '■ -5b ^ &b 
such that a^Ks = ^cctci C ~3 B. Then as an immediate consequence one has the 

induced homomorphism k : lim^s — > lim0£. Using again the facts that $ is free 

bda bda 

and is exact there exists a homomorphism k& : 3a — » 0a such that a^A = koa- 
Clearly the constructed morphism of n-cubes of groups k : $ — > naturally induces 
a unique morphism of augmented n-simplicial groups and applying the diagonal 
gives a morphism of simplicial groups K : (7^(3)* — > C ,< - n - ) (0)* over the morphism 
A. 

We need to prove the remaining part of the assertion first in a particular case. 
Particular Case. Let k, tt : $ — > be two extensions of the group morphism 
A : G — > and / G (n). Lei /cW = 7T™ : — > 0^', then the respective induced 
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morphisms of simplicial groups k,tt : C'^(5 r )* — > (7^(0)* over A are simplicially 
homotopic. 

The construction of directly implies that for any n-cube of groups G( n )(3% 
is the diagonal of a bisimplicial group induced by applying the ordinary Cech 
complex construction G to the morphism of simplicial groups G( n_1 )(3"^)* — > 

£(n-l) ( £«)^ 

By assumption the extensions /t and n of the group morphism A induce a com- 
mutative diagram of simplicial groups 

7T' 

J, J, , 

£(n-l) ( £«^ g C^^flW), 

where k" = n", which implies there are morphisms of simplicial objects of simplicial 
groups 

— > Q** 

w 

i _ _ i 

over the morphism of simplicial groups k" = tt". 
The following lemmas will be needed. 

Lemma 17. LetG**, H„ be bisimplicial groups and a, (5 : G** — > H** morphisms of 
bisimplicial groups. Let there exist a vertical (horizontal) simplicial homotopy h v (h h ) 
between the induced morphisms of simplicial groups a m , f3 m : G m * — > H mif (G mi — > 
H* m ) for all m > 0, such that the following conditions hold: 

Then the induced morphisms of simplicial groups 5, (5 : AG* — > AH* are simpli- 
cially homotopic, a. ~ (3, where AG* and AH* are the diagonal simplicial groups of 
G** and H** respectively. 

Proof. We can construct the required homotopy in the following way: 
K = K s i '■ G nn -> H n+hn+1 , 0<i<n. 

Now we have to check the standard identities for simplicial homotopy. In fact, 

JvJhuvh _ JvuvJhh _ Jvuv _ 
UqUq/4q6q — Uq/IqUq^q — "o'^O — UL nn i 

Jv Jh uv h _ Jv hvjh h _ Jv Uv _ a 
a n+l a n+l lb n b n ~ a n+V b n a n+l b n ~ u n+l n n ~ t J nn , 

( uv Jv h Jh _ uv h JvJh ■ < • 
JvJhuvJi . Jvuvjh „h _ J "'j-l u i °j-l u 'i ~ ,h i ~ 1 °j - 1 u i u i i 1 ^ J 

(1, (1; lbAb~ t*„-/t„-C*„- b /. \ j ~, „, U jU j U j,, jU . . , 



Jv Jh u v h _ jv uv Jh h _ Jv uv _ Jv hv Jh h _ Jv Jh Uv h 

a j+i a j+v l j+i b j+i — a j+i n j+i a j+i h j+i — u j+i' L j+i — ";, ■ ■ i b j — a j+i a j+i a j b j ■ 

□ 
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Lemma 18. Let (C(a)*,a,G), (C(/3)#, (3, H) be augmented Cech complexes and 
f,g : C(a)* — > <?(/?)* morphisms of simplicial groups over a given group morphism 
A : G — > H . Then f and g are simplicially homotopic, f ~ g. 

Proof. We only construct the simplicial homotopy and leave the checking of the 
corresponding identities to the reader. We define hi : C(a) n — > C((3) n+ i, < i < n, 
by 

hi(x , ...,x n ) = (g(x ), g(xi), ffa), f(x n )) 
for all (x , . . . , x n ) G C(a) n . □ 

Returning to the main proof, using Lemma fT8|. it is easy to see that there exists a 
vertical homotopy h v between the induced morphisms of simplicial groups k^, 7f^ : 
F m * — ► Qm* for all m > 0, such that g^/i^ = ft^G^. Applying Lemma fT7l there is a 
simplicial homotopy between the morphisms of simplicial groups k, tt : (7^(5*)* — > 

Now we return to the general case, showing for any two extensions k, tt : $ — > H 
of a group morphism A : G — > H the existence of extensions K\, . . . , ^ n -\ '■ $ — * £ of 
A such that k ~ k%, k\ ~ k 2 , ■ ■ ■ , — Kn^u ^n^i — ^ which, of course, implies 
that k ~ tt. In fact, we can construct an extension K\ : 5 — > £2 in the following way: 
let /tj 1 ^ = and «j = Tr ( - n ^ 1 \ We complete the construction of K\ using the 
technique above and the facts that ^ is a free and is an exact n-presentation of 
the groups G and H respectively. 

We construct an extension ^ for all 2 < i < n — 1 as follows: let = nf^ 

and k\ = 7r^\W. We complete again the constructing of k« using the above 
technique and the facts that $ is free and Q is exact. 

The construction of«j,l<z<n — 1, and our already proved particular case 
imply that k ~ Ki, K\ ~ /?2, . . . , k^I^ — ^n^i> ^n^i — tt- D 

Using this comparison theorem we make the following 

Definition. Let T : (J5r — > ®r be a covariant functor. Define z-i/i n-fold Cech derived 
functor Ol~ old T : (J5r — > (5r, z > 0, of the functor T by choosing for each G in (55r, 
a free exact n-presentation $ and setting 

q- ioU T{G) =7r i (T£W(3%) , 

where (C*^^)*, a, G) is the n-fold Cech resolution of the group G for the free exact 
n-presentation $ of G. 

The n-fold Cech complexes and hence the n-fold Cech derived functors are closely 
related to the diagonal of the n-simplicial multinerve of crossed n-cubes of groups . 
In particular, we have the following 

Lemma 19. Let $ be an n-presentation of a group G. There is an isomorphism of 
simplicial groups 
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where M. is the inclusion crossed n-cube of groups given by the normal (n + l)-ad 
of groups (F; R±, . . . , R n ) induced by 

Proof. For n = 1, is done in Lemma Hand hence for general n, both constructions 
gives an isomorphism of n-simplicial groups. Applying the diagonal clearly gives the 
result. □ 

The following theorem gives the ra-th n-fold Cech derived functor of the functor 
Z k : (25r -> 0r, k > 2. 

Theorem 20. Let G be a group and k > 2. Then there is an isomorphism 

n i? 4 nr fc (F) 

Cl- fold Z k {G) - — , n>l, 

where (F; Ri, . . . , i? n ) i/ie normal (n + l)-od o/ groups induced by some free exact 
n-presentation $ of the group G. 

Proof. By Definition and Lemma EH C^ {old Z k (G) S tt^E^.M))*, where A* 
is the inclusion crossed n-cube of groups given by the normal (n + l)-ad of groups 
(F; Ri, . . . , Rn). Hence using PropositionlT2lone has an isomorphism £"~ fold Z fc (L7) = 
n n (EtoB k (M)*). Then, by Proposition EH 

(3) C n -' olA Z k {G) n Ker(B k (M) {n) ^ B k (M) {n)X{l} ) . 

ie(n) 

Now we set up the inductive hypothesis. Let n = 1, then 

fli i 71 \ Rinr k (F) 



C\- iold Z k (G) £ Ker (- 



•D k (F; Ri) T k (F)J D k (F; Ri) 

Proceeding by induction, we suppose that the result is true for n — 1 and we will 
prove it for n. 

Let us consider I e (n). It is easy to check that is a free exact (n — 1)- 
presentation of the free group d{n)\{i}- Here we have to use the fact that if G is a 
free group, then Cl l - Md T(G) = 0, i > and £™~ fold T(G) = T(G) for any functor 
T : (5r ^ (5r. Thus, because of our inductive hypothesis, 

n Rinr k (F) 

( A \ r (n-l)-io\& 7 ,~ \ iG(n>\{/} 

(. 4 J ^n-i = n (p. r> 5 5 = U • 

-t^fcl-r , -Ki, • • • , rii-i, -ttl+i, . . . , H n ) 

Now from (JHJ) and one can easily deduce that there is the isomorphism 

; n^j n r fc (F) 

nn— fold v //^\ 



Dk(F; Ri, . . . , -R n ) 

□ 

Now we are ready to improve on Theorem BE, and moreover to express by gen- 
eralised Hopf formulae not only the non-abelian derived functors of the functor Z 2 , 
but also the derived functors of the functors Z k , k > 2. 
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Theorem 21. Let G be a group, $ be a free exact n-presentation of G and k > 2. 
Then 

n Rinr k (F) 

L n Z k (G) , n > 1 , 

iM-r ■> Mil - ■ ■ i *Ui) 

where (F; R\, . . . , _R n ) is £/ie normal (n + l)-ad o/ groups induced by 

Proof. This directly follows from Corollary Proposition HoT ii) and Theorem [201 

□ 

Remark. One can prove an analogous result in a more general context of Theorem 
BE and Corollary 4. In particular, for a given group G and an exact n-presentation 
J of G such that 

^(£0) = , L r Z k {$ A ) = for r = |A| , r = \A\ + 1 

with A a non-empty proper subset of (n), there is an isomorphism 

n Ri.nr k {F) 

L n Z k {G) - -^L- — for „ > 1 , 

where (F; i?i, . . . , i? n ) is the normal (n + l)-ad of groups induced by 5". 

Now we concentrate our attention on the computation of 2-fold Cech derived 
functors of the functor Z k : (J5r — > (3r, k > 2. Using the fact that Z k , k > 2 is a 
right exact functor one easily shows that Cl~ iold Z k = Z k . Moreover, by Proposition 
[Til Proposition ITU and Lemma ITTJ1 C?~ iolA Z k = for i > 3. To take into account 
Theorem EDI it only remains to compute the first 2-fold Cech derived functor of the 
functor Z k . 

Lemma 22. (cf. Conduche [Zj and also, [STJy' Let 







A M 


M = | 








{ N 


A P 



be a crossed square. Then 

H (C*(M)) = P/lmfilmu, 
HxiC^M)) = MxpN/lmn, 
H 2 (C*(M)) = KerAnKerA', 

where C*{M.) is the mapping cone complex of groups 

L A M x N A P 

with a (I) = (A(/) _1 , A'(/)) ; (3(m,n) = u(m)z/(n) for all I G L, (m,n) G M x iV and 
k is the natural homomorphism from L to M x P N . 
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Proof. We only prove that i? a (C*(.M)) = M x P N/Ithk. It is easy to check that 
/ : Ker/? — > M Xp N, given by f(m,n) = (m ,n) for all (m, n) G Ker/3, is 
an isomorphism and Im fa = Imn. The other results are as easy as this part to 
check. □ 



Proposition 23. For a given group G and k > 2 there are isomorphisms of groups 
L x Z k {G) C\- fold Z k (G) 



-2-fold ry I r<\ ~ Ri^k(F) fl R 2 T k (F) 



(R.nR^r^F) ' 

where (F; Ri, R 2 ) is a normals-ad of groups induced by some free exact 2-presentation 
Z ofG. 

Proof. Begin with the first isomorphism. By the construction, C^($)* is the di- 
agonal of a bisimplicial group F** induced by applying the ordinary Cech complex 
construction C to the morphism of Cech complexes C{^ 1 ^)^ — > (7(5^)*. Now 
applying the right exact functor Z k dimension- wise, denote the resulted bisimplicial 
group Z k (F^). By |2Zj there is a spectral sequence 

77i2 . /^2-fold 7 I ^\ 

^pq t-p+q ^k^) , 

where E$ q = 0, q > and Eg, ^ C l p - iolA Z k (G), p > 0. Hence there is an isomorphism 

C\- iold Z k (G) -=> £\- {old Z k (G). Now the required isomorphism follows from |25], (see 
also H2J). 

Again use of Proposition ^1 Proposition [21 and Lemma implies that 

C*-^z k {G) = Hi(C*(B k (M)) , 

where Ai is the inclusion crossed square induced by the normal 3-ad of groups 
(F]Ri,R 2 ). Since the homomorphisms 

fix : B k (M) {1} -> B k (M)$ 

and 

fl 2 : B k {M) {2} -> i3 fc (A^) 
are injections, using Lemma l22l implies the second isomorphism. □ 

Note that for group- abelianization functor Ab = Z 2 we have the following new 
interpretation of the second integral group homology 

H 2 (G) = C, Ab(G) = {RinR2mF] ■ 

It is an interesting problem to investigate and to compute the functors £™~ fold Z fc 
for < % < n, n > 3. 
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6. HOPF TYPE FORMULAS IN ALGEBRAIC fT-THEORY 



Let us recall the well-known definition of lim^, the first derived functor of the 

3 

functor lim (inverse limit in the category of groups) (see e.g. [12] )• Let {A,-, pj +1 }j 

3 

be a countable inverse system of groups, then 

where ~ is an equivalence relation on the set Y\Aj defined as follows: {aj} ~ {a^} 

j 

if there exists {hj} such that {hj}{aj}{p'j +l {h^ l )} = {a'j}. 

Let {G{, ipj + i}j be a countable inverse system of pseudosimplicial groups G{ with 
: G{ +1 -> G{ a fibration for all j>l. Let G* = Iim{Gj, ^j+i}- 



Theorem 24. jT2] There is a short exact sequence of groups 

__> hmW^CGi) — 7r n (a) — lmi7r n (C7i) — 

j i 

for all n > 0. 

Let us define the functor : C5r — ► (25r as follows: for a given group G, 
Zoo(G) = \imZj(G); for a given group homomorphism A : G — > i?, -Zoo(A) is the 

group homomorphism induced by the Zj(\). 

It is known from [2] (see also |12j ) that the non-abelian left derived functors 
L^Zoo of the functor Z^ : (25r — > (5r are isomorphic to Quillen's i^-functors. Thus 
using Theorem we deduce that there is a short exact sequence of abelian groups 

lhn (1) vr n+1 (Fi(GL(lK))) — > K n+1 (^) — > lim 7r n (F/ (GL(SK) ) ) — > , n > , 

where F*((j?L(JH)) — ► G r L(5E) is a free pseudosimplicial resolution of the group 
GL(9t) and Fj>(GL(9K)) = z/{F*{GL(fR))). 

Now according to Corollary HO we obtain the following 

Theorem 25. Lei 91 be a ring with unit and (F*, oIq, GL(9\)) be a free pseudosimpli- 
cial resolution of the general linear group GL(*ft). Then there is an exact sequence 
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of abelian groups 

/( n KerdJLOnr^Fn 



/ l n KerC/jnr^L 

Iim 



D i (F n _ 1 ;Ker^- 1 ,...,Ker<:} 
/or n > 1 . 

Note that using Theorem |^ and its Remark, one can express i^^+i (iK) in data 
coming from exact (n + 1) and n-presentations of the group C7L(1H). We hope to 
return to a more detailed analysis of this in future work. 
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